Linear Algebra

1. A, B are square matrices with A + B = AB.
Show that AB = BA .

Proof :
Let n = order of A.
A+B=AB------ (i)

= AB-A-B=0,

= AB—-A-B+1,=1,

= (A-L)B-1,) =1,

= (B-1,)(A-1,)=1, (why?)
= BA-A-B+1,=1,

2. My, My are n x n matrices with MM, = O, My # O,,.
Show that det M; = 0.
Proof :
Suppose det M; # 0.
Then M; is invertible.
Let M; ! be the inverse of M,
MMy = O
= MMM, = O
= IMy, =0
= My =0 —+« the assumption M # O,

3. A, B are square matrices with A3 = B3, A2B = B?A, A # B.
Show that det(A% + B?) = 0.
Solution :
(A2 B?)(A— B) = A3 + B2A — A’B — B
= O ( by assumption )
= det(A*+ B?)=0 (. A— B# O, then apply Problem 2 )

4. X, Y, Z are n x n matrices with X +Y + 7 =XY +YZ + ZX.

Show that the following are equivalent.



(1) XYZ=XZ—-7ZX
2) YZX =YX — XY
(3) ZXY =2Y -YZ

Proof :
O X+Y+Z=XY+YZ+ZX ------ (i)
We show that (1) = (2)
(X —I)NY L) Z—-1)=XYZ - XY ~XZ-YZ+X+Y +Z—1,
— (XYZ — XZ + ZX)
HX+Y+Z-XY -YZ—ZX)—1I,
—h ()L G)
=Y -L)Z-L)(X~-1,)=-1, (why?)
=>YIX-YZ-YX-ZX+Y+Z+X—-1,=—1I,
=>YIX-YZ-YX-JZX+X+Y+72=0,
SYZX-YZ-YX - ZX+ (XY +YZ+2X)=0, (- (i))
=>YZX-YX+XY =0
=YZX=YX-XY 0J

(I) In (I), we obtain
X+Y+Z=XY+YZ+7ZX

=YZX =YX - XY
XYZ=X7-7X

Consider X — Y, Y — Z, Z — X in the above.

Y+ 7+ X=YZ+7X+ XY

We have = /XY =7/Y -Y_Z.
YZX =YX - XY

Thus (2) = (3)

Similarly (3) = (1) O

. A is an n x n matrix with real entries.

Show that det(A% + I,,) > 0.

Proofi :

A is a real matrix

= char. poly. of A is with real coefficients

= the complex eigens of A come in pairs of conjugate numbers

Case 1: all eigen values of A are real.
Let A1, --- , A\, are eigen values of A, A\,--- ;N\, € R
Then A} +1,--- , A2 + 1 are eigen values of A? + I,



= det(A2+1,) =M\ +1)--- (A2 +1)
>0 (A, L, M ER)
Case 2: all eigen values of A are in C — R.
Let ¢1,¢9,- -+ ,C1,C,- -+ are all eigen values of A, where ¢;,c0 € C—R
= +1,5+1,---,c1+ 1,65+ 1,--- are eigen values of A% + I,
= det(A2+ L) =(A+D(E+1)- @2+ D)E2+1)---
— @)@+ (@ DE D)
>0 (why?)
Case 3: some eigen values of A are real and some are in C — R.
Let Ay, Ao, -+ ,c1,09,++ ,Cq,Ca,- -+ are all eigen values of A,
where A\j,--- € R, cy,--- € C—R
Then M+ 1,A3+ 1, ,cf+1,---,
2 +1,--- are all eigen values of A% + I,
= det(A2+ )=\ +1)---(F+1)---(ci>+ 1)~
=N+ (E+1)(EF1) -
>0

Proofs :
det(A2 + 1) = det (A+il)(A—il))
= det ((A+il) A+u))

= det (A +il)- det(A+il)
=det (A+1l) det(A+il) >0 O

. Show that every permutation of 1,2,--- n (n > 2) is either a cycle or
a product of two cycles.
Proof :
Let m be a permutation of 1,2,--- ,n.
Case 1: 7 is the identity function.
Then 7 = (1 2)(1 2).
Case 2: 7 is not the identity function.
Then 7 can be written as a product of disjoint cycles.
Subcase 2.a: 7 is a cycle.
Nothing to prove.
Subcase 2.b: 7 is a product of at least two disjoint cycles.
Let m = (anau e 'am)(amam e 'Clzrg) T (aklak;2 ce ak'rk)

be a product of disjoint cycles (k > 2)



Then 7 = (aklak—l,l e 'a31a21a11)(a11a12 crA1p 021022 ¢ Aopy

31032+ * - A3p3 * * - AR1Ak2 " *° akrk)

7. FOTi:1,2,"' ,n—+1, AiEMIXn andA1+A2+---+An+1:O.
AT
Ay

For ¢ = 1,2,--- ,n, let M; = Ai,1 € M, xn

Aig
_An+1_
Show that det M; = (—1)""" det M;.
Proof :
- A, ]
A
Aia
det M; = det n ( by def. of M)
Ai
_An—i-l_
_ A, -
A
= det Aict
B —(Ar+ A+ A+ A+ A+ Anp)
Ai
L An—l-l _
( by assumption, A; + Ay +---+ A1 =0)
- A, ]
As
Aia
— t ?
det A ( why? )
Aia
An+1_




= (—1)"2 det

_An+1_
= (—1)i71 det M, ]

8. Let M be an n X n matrix with every row sum and every column sum equal to 0.
Let M, ; be the matrix obtained form M by deleting its i-th row and its j-th column.
Show that for 1< i,j,7,j5 <n,

(—=1)7 det M;; = (—1)"+7" det My ji.
Proof :
Since every column sum of M is 0, we have, by problem 7,

det Ml,j = (—1>i_1 det Mi,j s (].)

Similarly, since every row sum of M is 0, we have
det M171 = (-1)j_1 det Ml,j tee (2)

Thus (1), (2) = (—1)i+j det Mi,j = det M171
. =
Slmllarly (—1)Z +J det Mi’,j’ = det Ml,l

(—1>i+j det Mi,j = (—1>i/+j/ det Mi’,j’ O

9. Suppose that Ay, A, -+, Ay, By, Bs,- -+, By are subsets of {1,2,--- n}.
Let Ly, Lo,--- , Ly, My, Ms,--- , M, be the following polynomials

in variables x1,x9, -+ , 2, :

Li:ZZL‘j s Ml:Zx] Z:]_,Q,,k’

JEA; JEB;
Assume that Z Lily = Z LiM;
1<i<j<n 1<i<k
Show that K >n—1 .

Proof :
Consider the following linear equation ( with real coefficients )

in variables x1,x2, -+ , 2, .



(L, =0
LQZO

(%) :
L,=0

(| Tt @t a, =0

Then the real solution of (x) is the trivial solution.

(- Suppose 1 = a1, T3 = ag, -+, T, = a, is a real solution of (x)
Li=0,Ly=0, -, Ly=0 ---(1)
Then
a;+as+---+a,=0 (2)
1<i<j<n 1<i<j<n 1<i<k
= 0=(a1+as+- - +a,)’ ((2)
SRR o
1<i<n 1<i<j<n
-y
1<i<n
= m=a=--=a,=0 (.- each qa; is real ) )
Then k+1>n ( why? )
= k>n-—1 O

10. Let A, B, C, D are metrices of orders m X m , n X n , m X n , m X n respectively

such that AD — DB =(C'".

Show that (é g) and (é g) are similar.

Proof :
AD—-DB=C

(G D05 E D)6 5) @

A C q A O il
= O B an O B are similar.

(- <O I ) is the inverse of (O In) ) O
. : A B : 1
11. A, D are nonsingular matrices and M = o Dl Find M~

Solution :

Suppose that A is an m X m matrix, D is an n X n matrix.

Lt [A B [E F]_[ln O
“lo p||l¢ H|T|O0 I,



where E is an m x m matrix and

H is an n x n matrix.

AE =1,
AF+BH =0
Then DG — O
DH =1,
E:A—17G:O7H:D_l7
AF = —-BH
= F=—A"1'BD!
FE F A"t —A-IBD!
. -1 _ _
. M _[G H}_[O D! } -

. A, B, C,Dare m; xny, mi; Xng, mg XNy, My X No matrices,
and my +mg =nq +noy .

A B D C
Show that det(c, D) = (—1)mmatmna det(B A)'

Proof :

det (é g) — (—q)mm (i g) (why?)
= e (34)

D C
_ (__1\Ymima2+nin2
- (1) (5 %) u

. A, B, C, D are n x n matrices and C?, D* denote the transposes of C , D.
Suppose that CD! + DC* = O.

A B ’ t t\2
Show that det cp) = det(AD' + BC")>.

Proof :
A B\’ A B A B
det(c D> :det(c D> det(c D)
= det (é g) det (g i) ( by previous problem )
A B D ¢\
—det(c D) det(B A)
A B D' B!
:det(c D) det(ct At>
_ det AD'+ BC' AB'+ BA
~ oo+ Dot eB+ DA



— det (ADt + BC' AB!+ BAt>
O CB'+ DA!

= det(AD' + BC") det(C'B' + DA")

= det(AD' + BC") det(CB' + DA")

= det(AD' + BC") det(BC' + AD")

= det(AD! + BC!)? O

14. Show that
N ! =1 where 21,29, -+, 2, (m > 2) are distinct numbers.

0 -2)

Proofi :

The following is the well-known Vandermonde determinant.

x’f%l xgH xm_l
x? 3 P H (@i — ;) (1)
1 1 1
Then
m—1 m—1 m—1
Ty Ty Loy,
a3 3 2,
T ) Tm,
1 1 1
m—2 m—1 m—2 m—2 m—2 m—2 m—2
Lo T3 Lm Ty T3 Ty T
— :Lnln—l x;n—l .
X2 €3 Tm € €3 T4 Tm
1 1 1 1 1 1 1
_|_ ..................
_ m—1 y . N_,m—1 gy R
= 20" [h<icjem(@i—2;) =23 [Licicjom(@i—a;) +ooooeens (by (1))
1,j#1 1,j72



= S (DR 2 Thicicicm (2 — x)).

1,77k

Combining the above with (1), we have

m
Mot I @i—2) = I (@),
=1 1<i<j<m 1<i<j<m

itk

Thus we have

[T (zi—ay)

m 1<i<j<m
1 ij#k
(_1>k+l .Z'm 1 ] — 1
; ¢ I (zi—x)
1<i<j<m
Equivalently,

- k+1 xm 1 1 _

k<j<m 1<i<k
Thus
@ 1
( 1>k+1 xm 1 — — 17
2 O ) QT
1<j<m
ik

which implies

P adi<m o
j#k
Proofs :
Let f(x1, T2, ooy @) = Yoy (= 1) 277 Ti<icj<m (z; — 7;). We need to show that
i,j#k
flxy, zg, ......  Ty) = H1§i<j§m (2 — ;).

For m = 2, this is trivial.
For m = 3, this holds since
f(x1, 29, 23) = 23 (19 — 23) — 23(71 — T3) + 23(T1 — T2)

= (ZL‘l — ZEQ)(JZl — ZL‘3)(ZE2 — 173).
So let m > 4. We first show that [[,;_;c,, (xi —2;)|f (21, 22, ooy T).

Suppose that p, g are positive integers with 1 < p < g < m.



Then f(x1, T2, ooy ) = (=1)PT 20 Thcicjom(@i—2;)+(=1) a2 TTi<icjcm(zi—
i,J7#p i,j7#q

+ 2 1ckem (1) 2 TTicicjom (2 —5). (1)
k#p,q .57k

Note that

(=D)P ey [Ti<icjzm (v — ;)

4,J#p
= (=17 ey hi<icj<m (v — 25) [Ti<icg (@ = 24) [ycjm (2g — 75)
i,j¢{p,a} i#p
= (=17 ey hi<icj<m (v = 25) (1) [Ti<icq (2g — 20) [T e jcpm (4 — 25)
i,j¢{p,q} i7#p
= (=P [Ticicjzm (2 — 25) [Ti<icg (g — 20) Tl cjcm (2q — 25)
i,j¢{p.q} i#p
= (—DPrr e Thicici<m (2 —25) [Ti<icm (2 —24). (2)
i,5¢{p.q} i#p,q

Note also that

(=D 2 Thi<icjem (2 — ;)

1,574
= (=D Thi<icjzm (0 — 25) [li<iep (@ = 2p) [Tp<jzm (2p — 25)
i,5¢{p,qa} J#q
= (_1)q+1x2n_1 [Ti<icjcm (@i — Ij)(_l)p_l H1§i<p (2p — ) [Ip<jsm (7p — 75)
i,5¢{p,a} J#q
= (=P Th<icj<m (@ — 25) Tli<iep (@9 — ) [p<jzm (2 — ;)
i,5¢{p,a} J#q
= (=12l [hi<ici<m (@i—25) [Ti<icm (2, —25). (3)
i,5¢{p,q} i7#D,q

From (1),(2),(3), we see that

=(=1)Preter ! icicicm (20 — ;) [Ti<izm (24 — 22)

i.5¢{p.q} 7P
H(=1)PHp ! Ticici<m (i — 25) [Ti<icm (2, — )
ij¢{p.a} #Pa
+ > 1<kem (1) 2 [Ticicjcm (2 — 25).
k#p,q Lj7k

Replacing z, by z, in f(.....,2p, ..., Zq, ....), we obtain f(.....,xq,...., Zq,....) = 0, which
implies x, — z,|f(z1, T2, ...... T )-

10



Hence [[,o; e, (i — )| f (21, 22, ooy T ). (4)
Now we show that f(z1, 29, ..., Tm) = [[1<icjcpn (@i — 75).

Viewing [[,<;j<,, (i —2;) as a polynomial in the variable z1, we see that the highest

1

; . R o
degree of x1 is m — 1, and the coefficient of 27" is [[,; <., (zi — ;); this means

that

H1§i<j§m(37i_xj> = (H%Kjgm(xi—xj))x;”’l—i—( ......... ) F e _ (5)

Viewing f(xy1, 22, ...... ,Tm) as a polynomial in the variable x;, we see that the highest

degree of x; is m — 1, and the coefficient of 27" is [[i<i<j<m (z; — 7;); this means

i,j#1

that

flar, g, s ) = (Thi<icjem(@i—))al ™ (oo YT R : (6)
i,j#1

From (4),(5),(5), we have that f(x1, 22, ....... ;) = [[,<;cjep (¥i— ;). This completes

the proof.
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